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Abatraet--A study is made of the propagation of magneto-thermo-elastic disturbances with thermal 
relaxation in a perfectly conducting unbounded solid, due to heat sources distributed over a plane parallel 
to the applied magnetic field. The governing partial differential equations are solved in the Laplace 
transform domain by the state space approach of the modern control theory. The smaU-time solutions 
of the problem are obtained with physical significance. The solutions are found to consist of thermal wave 
(T-wave) and acoustic wave (A-wave). The speeds of these waves are increased ue to the presence of the 
external magnetic field. The displacement field, the thermal field and the magnetic field experience 
discontinuities at each of the wave fronts. The effect of the magnetic field is to shift the position of 
discontinuities and to reduce their decay with distance from the source. The significant effect of the thermal 
relaxation is to exhibit he occurrence of some new discontinuities not encountered in the conventional 
theory. In the absence of the thermal relaxation and or the magnetic field, several limiting results follow 
as special cases of this analysis. 
1. INTRODUCTION 
Knopoff [1] has first considered the problem of the magneto-elastic plane wave propagation i  a 
solid medium. Subsequently, Paria [2-3] has first initiated the study of magneto-thermo-elastic 
plane waves in a solid medium in the presence of an external magnetic field normal to the direction 
of displacement field. Willson [4] has extended the analysis of Paria for the plane magneto-thermo- 
elastic waves by taking a primary magnetic field which has components parallel and perpendicular 
to the direction of wave propagation. Later on, Purushothama [5] has reinvestigated the problem 
of plane wave propagation i the presence of constant thermal and magnetic fields and for different 
orientations of the magnetic field. It was shown that, when the magnetic field is parallel to the 
direction of wave propagation, the compression wave is purely thermo-elastic and the shear wave 
is purely magneto-elastic in nature. For a transverse magnetic field, the shear waves remain elastic 
whereas the compression wave assumes magneto-thermo-elastic character due to the interaction 
of all the three fields--mechanical, magnetic and thermal. 
In recent years, considerable attention has been given to the study of the magneto-thermo-elastic 
wave propagation with or without thermal relaxation in a non-rotating or rotating solid medium 
due to seismological nd astrophysical pplications. Mention may be made of the recent works 
of Chandrasekharaiah [6], Tomita and Shindo [7, 8] on these problems with thermal relaxation. 
Their analysis reveals that the thermal wave propagates with a finite speed which is an important 
prediction. In the absence of thermal relaxation, the thermal waves travel with an infinite speed 
as predicted by the conventional theory of Paria and others. On the other hand, Roy-Choudhuri 
and Debnath [9, 10] have made an investigation of the propagation of magneto-elastic and 
magneto-thermo-elastic plane waves in a rotating medium. The study of magneto-thermo-elastic 
interactions has bearing on many seismological nd astrophysical problems. It seems 9seful to 
make an investigation of the propagation of magneto-thermo-elastic waves with/without thermal 
relaxation in a conducting solid medium. 
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This paper is concerned with the propagation of magneto-thermo-elastic disturbances with 
thermal relaxation in a perfectly conducting unbounded solid due to instantaneous heat sources 
distributed over a plane parallel to the applied magnetic field. The governing partial differential 
equations are solved in the Laplace transform domain by the state space approach of the modern 
control theory. The solutions for the short-time approximation are obtained with physical 
significance. It is shown that the solution consists of two waves--one is predominantly thermal 
in nature (or T-wave) and the other is an acoustic wave (or A-wave). The effect of the magnetic 
field is to increase the speeds of these waves. In the presence of the thermal relaxation, the speeds 
of both the waves are finite. However, the thermal wave propagates with infinite speed as predicted 
by Paria's conventional theory [13]. The displacement field, the thermal field and the magnetic field 
experience discontinuities at each of the wave fronts. The effect of the external magnetic field is 
to shift the position of discontinuities and to reduce their decay with distance from the source. The 
significant effect of the thermal relaxation is to exhibit the occurrence of some new discontinuities 
not encountered in the conventional theory considered by Paria [3], and recently by Das et al. [11]. 
In the absence of thermal relaxation, results of this analysis are in perfect agreement with those 
of Paria, and Das et al. The non-magnetic ounterpart of our results reduces to those of 
Roy-Choudhuri and Sain [12] who have solved the corresponding non-magnetic thermo-elastic 
problem with the aid of the Laplace-Fourier t ansform method. 
2. BASIC FIELD EQUATIONS 
We consider an infinite, homogeneous, i otropic, thermally and electrically conducting elastic 
medium in the presence of an external magnetic field B. The elastic medium is characterized by 
the density, p and two Lame's constants 2, #. We next state the basic equations governing 
electromagnetic, thermal and elastic fields and the interactions between them. 
The equation of motion governing the displacement vector, u with the increase of temperature 
T above the reference temperature To is 
pi i= (2 +/~)V(V.u) +/ tWu-  J x B- /~VT,  (1) 
where J x B is the electromagnetic force, J is the current density, B = B0 + b is the total magnetic 
field, B0 is the primary magnetic field, b is the induced magnetic field which is assumed to be small 
so that the products of b and u and their derivatives can be neglected,/~ = (32 + 2/z) ~, = is the 
coefficient of linear thermal expansion of the medium, and dots denote the derivatives with respect 
to time t. 
The generalized heat conduction equation of Lord and Shulman [13] with thermal relaxation in 
the presence of an internal heat source of strength Q (r, t) is 
( ° ) kV2T= I+T~ [pcv~+~TA-Q] ,  (2) 
where k is the thermal conductivity, c~ is the specific heat of the medium at constant volume, z 
is the thermal relaxation time representing the short time required to establish steady-state heat 
conduction when a temperature gradient is suddenly generated in the medium, and A is the 
dilatation so that A = div u. 
The electromagnetic f eld is governed by the Maxwell equations with the displacement current 
and charge density neglected [9, 10]: 
~B 
curl H = J, curl E = - - -  , (3a, b) 
~t 
div B = 0, B =/zeH (4a, b) 
where E is the electric field and #e is the magnetic permeability. 
The generalized Obm's law is 
J=a[E+OUx0t  B 1 (5) 
where a is the electrical conductivity, ~u/dt is the particle velocity of the medium, and the small 
effect of temperature gradient on J is also neglected. 
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3. FORMULATION OF THE PROBLEM 
We study the one-dimensional problem so that all dependent variables are functions of x and 
t only and independent of the y and z coordinates. In the presence of thermal relaxation and the 
internal heat source, Q(x, t), the field equations (1)-(5) governing one-dimensional deformation 
parallel to the x-axis in a perfectly conducting magneto-thermo-elastic medium which is initially 
subjected to a uniform magnetic field H0 acting along the z-axis assume the form 
02u 02u OT Oh 
p ~ = (2 + 2#) ~-Sx 2 - fl ~x - #,H0 ~x (6) 
~x2= l+x~ pc.-~+flTo~--~t- Q (7) 
Ou 
- -  Ho ~xx (8 )  h(x, t) = 
where H =/4o + h (x, t). 
In the absence of the relaxation time (~ = 0), equations (6)-(8) reduce to those used by 
Paria [3], and Das et al. [11]. With an additional assumption of no magnetic field (H = 0), 
equations (6)-(8) reduce to a system of equations tudied by Roy-Choudhuri and Sain [12]. 
It is convenient to introduce the following dimensionless quantities defined by 
03 O3 
x * = -- x, t* = ~ot, T * = o9~, u* = -- u (9a, b, c) 
ci Cl 
h* = #ell° fl Q * = ~  pc~ h, T* = - -  T, Q (10a, b, c) pc~ p2c~co~o 
where cl =[(2 +2#)/p] 1/2 is the longitudinal elastic wave velocity and to =pc~c~/k is the 
characteristic frequency. 
In view of equations (9) and (10), the non-dimensional form of equations (6)-(8) assume the 
form, dropping the asterisks, 
02u 02u OT Oh 
Ot 2=Ox 2 Ox Ox (11) 
0x  = 1 + x + - Q (12)  
0u 
h = -en~ x (13) 
where the non-dimensional quantities, Er and En are defined by 
fl2To /.t~H~ 
ET----" p2CvC2' Elt= pc~ " (14a, b) 
We assume the deformation is due to instantaneous heat source Q(x, t)= Qo6(x)6(t), where 
Q0 is a constant and 6 ( ) is the Dirac distribution. 
We next substitute this particular form of Q and eliminate h from equations (11) and (14) to 
obtain the following coupled partial differential equations 
02u 02u OT 
~=( I+En)0x  2 Ox (15) 
027 I O~[-OT 02u 1 Ox 2 = 1 + x ~)L~-  ~ + Er O-~t - Qo6(X)6(t) . (16) 
This system has to be solved subject o the homogeneous initial conditions. 
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4. LAPLACE TRANSFORM SOLUTION 
We introduce the Laplace transform defined by 
f: f(x, s) = e-~'f(x, t) dt 
so that equations (15) and (16) can be transformed into the form 
• ]ti  = (1 + EH) - l -  
d-x -2 1 + End dx 
[~- -s (1  + zsQT= (1 +zs)[ser~- x - Q06(x)]. 
These equations can be written as the matrix differential equation 
dF - -  
-AY - ;  
dx 
where V - V(x, s) and F =- F(x, s) represent 4 x 1 matrices given by 
T 
zi 
i f=  d7 , 
T~ 
d/i 
T~ 
and A =.4(x ,s )  is a 4 x 4 matrix in the form 
0 
0 
"I = s(1 + ~s) 
0 
ff = (1 + zs)Qo6(X) I!l 
0 1 0 
0 0 1 
0 0 ErS(1 + zs) 
s 2 1 
0 
I+En l+En 
(17) 
(18) 
(19) 
(20) 
(21a, b) 
(22) 
Invoking an assumption that 
obtained from Bellman [14] in the form 
ix g(x-p, ~'(x, s) = -- s)F(p) dp 
~l--oo 
where /~(x -  p, s) is the matrix exponential associated with ,~(x -p,s) .  
We next compute/~ explicitly. The characteristic equation of .4 is given by 
s s3(1 + Ts) 
Z 4 - -  [S+( I+~s) ( I+EM)]Z  2+ --0 
1 +En 1 +En 
where 
F~O as Ix [-~oo, the general solution of equation (20) can be 
(23) 
(24) 
EM = Er + EM. (25) 
In view of Caley-Hamilton theorem, equation (24) shows that 
24 s [s + (1 + sQ(l + EM)].42 + s3(1 + SX) I = 0 (26) 
1 +En 1 +En 
where I is a 4 x 4 unit matrix. It then turns out that 4 4 and all higher powers of ,,1 are expressible 
as linear combinations of L -'1, ,~2 and ,~3. Accordingly, we may assume that 
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= exp[xA] = ~01 + ~l.'T + 0[2-~ 2 "~ 093 ~3 (27) 
where scalars ~j ( j  = 0, 1, 2, 3) are to be determined. 
We replace the matrix ,,1 in equation (27) with the roots + X~, 2 of equation (24) and then solve 
the resulting equations imultaneously under the regularity conditions at infinity. This leads to the 
following expressions for ~tj: 
1 
ao = - k~ exp( -xz , )  - Z~ exp( -  xz2)] (28) 
ot 
= 1 ~3exp(_xz0+ z~exp(-xz2)] (29) 
O~Zl Z2 
where 
1 
~2 = ~ [exp(-xz, )  - exp(-xz2)] (30) 
1 
~3 -~ [•l exp(--xz2) -- X2 exp(--XZl)] (31) 
0~Zl Z2 
= 2(Z~ - Z2). (32) 
Computing ~2 and .~3 from expression (22) and substituting the resulting expressions into 
equation (27), we obtain the exponential matrix as 
/T--(/Tu), l~<i, j~<4 (33) 
where 
with 
Ell = ~o + ~2S(1 + ST), 
E13 = ~j + ~3s(1 + sT)(1 + ERE), 
E21 = E~3S(1 + ST), 
E24 = ~1 + ~t3E[ s2 + Er(1 + sQs], 
E32 -- E0~2$3(1 + ST)E T, 
El2 = E~3S3£T(1 + S'~) 
El4 = ~2ErS(1 + sT) 
E22 = o~ 0 ..]- EO~2 $2, E23 = 0~2E 
E31 = [~q + ~t3s(1 + sQ(1 + EEr)](1 + ZS)S 
E33 =" 0t 0 "Jr ~t2s(1 + SX)(1 + ErE ) 
E34 = Ers(1 + sT)[0~ 1 "~- 0~ 3{ES 2 + (1 + sQs(1 + ERE)}] 
Eal = E0t2s(1 + SZ) 
242 = [or 2 --~ ~3{£s 2 -4- eErs(1 + sz)}]Es 2 
E43 = E[0~ 1 "Jr- 0C3 {S(1 + ST) + ES 2 + 6S(1 + ST)Er}] 
E44 = °to + ~2{ Es2 + ECrS(1 + sT)} 
,~ (34a, b) 
(35a, b) 
(36a, b, c) 
(37a, b) 
(38a, b) 
(39a) 
(39b) 
(40) 
(41) 
(42) 
E = (1 + Eft)-'. (43) 
The expressions (21a, b) and (23) give 
T = -- Q0 (1 + zs)b (x)El3(x -- p, s) d o (44) 
t i=-Q0 I x ( l+zs )6(x )E23(x -p ,s )dp .  (45) 
3 -  oo 
We substitute the values of EI3 and E23 from equations (35a) and (36c) into equations (44) and 
(45) and simplify the resulting expressions with the aid of equations (29)-(31) to obtain 
T = Qo(1 + sT) [X2(x2_ Es2)exp(_ xx0_  xl(X 2 _ Es2)exp(_xx2)] (46) 
~X, X2 
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t2 = Q._A (1 + sz)E[exp(-xzO - exp(-xx2)]. (47) 
Substituting equations (47) into (13), we find the solution for/7 in the form 
/T = Qo (1 + sz)Een{z, exp(-ztx)  -- Z2 exp(-Z2x)}. (48) 
Thus equations (46)-(48) represent the Laplace transform solutions of the problem. The exact 
inversion of these solutions is almost a formidable task. So it is necessary to find approximate 
solutions for large s (or small t) which will be given below. 
5. SOLUTIONS FOR SMALL TIME 
It follows from equation (24) that 
Z~ + Z~ = st [s + (1 + sz)(1 + tu)] 
X21 -- Z~ = sE[{s + (1 + sz)(1 + Eu)} 2 -- 4s(1 + En)(1 + s~')] 1/2. 
(49) 
(50) 
In the limit s ~ ~,  these results give 
'~ £1/2(~S qL2) + O(~)  
Z~,2 \VL2 + 
- ' - ' /2 (  1 ) V'2 (~3) ;~1,2 "" c 1 -- - Vl,2ql, 2 "'- -I- 0 s s 
(~(2 ~)-1~, 1 ( s r - -m)+o( l~ 
£$3r3/2 ks,/ 
where 
Vl. 2 ~.~ /2[1 + z(1 + tu) -T- rl/2] -l 
1 q|,2 = ~ VI,2[ 1 + £u -T- mr  -1/2] 
r = [1 +z(1 + Eu)] 2-4(1 +tn)z 
m =(1 +eu)[1 +z(1 +Eu) ] - -20  +ca). 
(51a, b) 
(52a, b) 
(53) 
(54a, b) 
(55a, b) 
(56) 
(57) 
The form of the roots (51a, b) shows that solutions (46)-(48) consist of two waves which 
propagate with the speeds V,(1 +En) ~/2 and V2(I +En) 1/2. In the limit z~0,  Vt~ and V2~l. 
This leads to the conclusion that the wave propagating with the speed V~ is predominantly thermal 
in nature (or T-wave). And the wave travelling with the speed V2 is predominantly acoustic in 
nature (or A-wave). Also, it follows that V 2 is always less than V t. Consequently, the A-wave 
follows the T-wave, and the points of the elastic medium for which x > lit t do not experience any 
disturbance. It is evident from the above that, apart from the other effects, the presence of the 
external magnetic field increases the speeds of wave propagation by the factor (1 + En) ~/2. 
With the aid of results (51a, b)-(57), solutions (46)-(48) can readily be inverted. After lengthy 
but straight forward calculation, we obtain that T, u and h experience discontinuities at each of 
the wave-fronts, x --- t(1 + En) m Vt,2 and these discontinuities are given by 
[T],,2 = + Q0 [VI,2N -- ~ {ql,2(2 + NV~,2) + ANr -~ VL2}] 2{(1 + E,Jr} t/2 
x exp[--xql,2E t/2] 
( Qoz ~exp[-  -xq , . z  -] 
[u],, 2= T' \2~/r  ] L l~--~n_] 
(58) 
(59) 
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EzQo 1 exp l -xq l ,2  1 
[h]l'2 = --+ 2x/r(1 -I- E,) VI.2 (1 ~---~H) 1/2 (60) 
where [f]l,2 denotes the magnitude of discontinuity at the wave fronts x = t(1 + ell) l/2 V~.2 and 
N = 1 -½[1 -I- ~(1 + Eu) + rl/:]. (61) 
In view of the Tauberian theorems for hyperbolic systems [15], the magnitudes of the 
discontinuities given in equations (58)-(60) are exact, even though the present analysis is restricted 
to small time approximation of solution. 
It is evident from this analysis that the discontinuities decay exponentially with x, and that 
the effect of the external magnetic field is to shift the points of discontinuities from x = t VI. 2 to 
x = (1 + EH) I /2 tVL2  . This means that the coefficient of decay is reduced by a factor (1 + Ez) ~/2. In 
the absence of thermal relaxation, the conventional theory of Paria and others predicts only the 
A-wave and the corresponding thermal and displacement fields are no longer discontinuotJs at the 
wave front. However, the magnetic field continues to be discontinuous at the wave front and its 
magnitude is given by 
QoEz F - xEr 1 [hh 2(1 + E,) 1/2 exPL2(1 -~HH)1/2J" (62) 
Evidently, of the six discontinuities given in equations (58)-(60), five of them disappear in the 
absence of the thermal relaxation, and only one remains as given by equation (62). 
The present study reveals the significant influence of the magnetic and the thermal fields on the 
interactions considered. It is important o point out that the thermal relaxation brings into light 
several discontinuities which do not occur in the conventional theory. The effect of the magnetic 
field is to increase the speed of wave propagation, and to slow down the decay of discontinuities, 
apart from shifting their positions. 
Finally in the absence of the magnetic field, the present analysis is in perfect agreement with that 
of Roy-Choudhuri and Sain [12]. On the other hand, our solutions (46)-(48) reduce to those of 
Das et al. [11] when the thermal relaxation is absent. 
6. CLOSING REMARKS 
It may be relevant to mention that Bahar and Hetnarski [16] first used the state-space 
approach to solve problems in thermo-elasticity. Das et al. [11, 17] have recently extended the 
approach to the solution of magneto-thermo-elastic wave propagation problems. These studies are 
based on hyperbolic-parabolic systems of governing equations. Our method of solution seems to 
be applicable to a more general theory based on fully hyperbolic systems as well. 
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